
Measure Theory with Ergodic Horizons
Lecture 27

Remark
.

When e and s are definite measures on a measurable space (X
,
23)
,
and

M30
,

When the Racow-Nikodym derivative th in veintergrable M is finite
;

indeed
,
M(X)= da

.
However

,
when
j is

not finite but Definite
,
we only get

that X = UXn such that MIXa) < & ,
so Guide is finite.

This remark motivates the following definition :

Def
. Let X be a hopological space and let

m
be a Bonel measure on X . Call

a remeasurable function t :X-E locally integrable if Mr, is a locally finite

measure. We demote the space of locally integrable functions by Lack, M).

Remark. From a previous proposition about locally finite measures
,
we get that

for all locally compact second col hopological spaces .
TFAE :

It) + is locally integrable
(2) 7 X=When ,

Bu open , such Heat IfArull
(3) IIf · Ballad for all compact KEX.
In particular

,
this holds for IR



Radon-Nikodym derivatives not Lebesque measure and Lebesque differentiation .

letx denote the Lobesque measure on IRd and leto be another locally finite
Bore measure on

RRd such that peax . Then we know that M = Xf , where

fatt ,
but how to find this f explicitly ?

We know that for
any

ElR
,
if Br(a) denotes the doball of radius

around x
,
Ren M/Br(xll = Sid so=i) b

Since o measures
the

ratio of he over a "locally atx" , it is conceivable he guess that maybe

= ) . This turns out to be true
,
i
.

e . we may "differen-

tinte" M with respect to X.

Lebesque Differentiation Theorem .
Let fe LialRd

,
X)

. Then for a. e . xER&,

EitBrix) x = f(x

In particular, for
any locally finite Bonel measure M on

RRP with NX,

e(x) = lin MBa



The "in particular" part is clear from the main part applied to=
as discussed above

,
and we fors on proving the main part.

The format of the statement in similar to that of the pointwise ergodic theprem

and actually the proof will be similar as well.

It Art() := Didx denote the averaging operator of racius -
We want to prove hin Auf f ae

Luna. If g : /Rd-> R is a continuous loc
. integrable function then

him Arg =

y everwhere
.

v=> P

Proof
. (Art()-f(x)) = xtBrs)) (F(s) - f(x))dx)=KB-f(x))dx

->f()-f(x) by continite

Local-global bridgelemma. Ut FEL'(P
,
x). For each30

,
we have:

(a) Jfd = JArfdx.

(b) (IArfll1- IfIl1.
Proof

.

Part (b) follows from Cal by triangle inequality for integrals , while (a) follows by Fabini

and is left as HW.



Proof of Lebesque differentiation . WLOG ,
we may assume to L'CRX) by replacing f

with ABr(of ; indeed , if the meorem holds for every ne for Abalo,
then by combining the wall set En for all meIN

,

we still get a will set , here
the tooem holds for t a

. e . xEIRP (also note that if xt Bull then

Br(x) ( Bu+, 1)
= Bol for all well . A

*

f(x)

It is enough tochow that Do : = >x-1Rd : /imre op Art(y)-f(x)k0) is wall,

become then
, applying this ho-f

,
we will get the same with limit. Because

Do =VD /*f-F) , where
nzINt

82(h) : = (x < Id : 14k23
, ↑

it is enough te show that DalA*F-t) is well for each 230 .

So Fix 250 and

230 in order to show that x (Wa (APf-H) = 3 .

Recall by a HW exercise Must continuous functions are dense in t and let g :

RP-IR be a continuous function in with Ifrgl, & for some 50 depon-

ding on
2 and d

,
to be chosen later . Note that : O

Il

la*F - ) = 1A*f - A*g
+ Aty - y + g

- f) - (A* + - A* y) + 1A*y - y) + 1y - +)

(b) (a)
-
> (A* (f - y)) + (g -)

thus
,
DylA*-+)[Daz(A* -g) VD/y-f) .

Thus
,
it's enough to show

that each of the soly (a) and 18) have measure 3/2.

(a) By Chebycher, . x(ax(g-)) - 11g-fla = &
,
so XINa(g)) I



and hence if we choose I so head 20/- 4/2
,
Ren &Daly ,+) :> 4/2

.

16) We would have liked if the same wasture for A*-g) , i. e . if we had

4 : X(Dax (A* If-s)) = NA*-g)ll , become then by the bridge leama
,

llA* (f-gill , : Ilf-gll , Ed . Note that if we even prove that

42x(0ax (A* (f-y))) = C. /If-y()1(t)
for some constant C

,
his would also be enough since the

x (Dax (A * (f -y))) = 2/ · 2 . 5,

hence choosing of small enough so that 4/22 . &13/2
,

would finish the proof.

Thus
,

it suffices to prove the following ,
which gives (1 with C-30 :

Hardy-Littlewood Maximal Theorem .
Let he LCRd

,
X) and 230 . The

d . x(Ns(A* h)) = 39Ilhll .
In fact

,
2 . x(Ds(Ah) <3*PhI

,
where An

:=spArth) is the co-called

Hardy-Littlewood maximal function.

Proof
.

Denote D := Dalth) := Extr :P Arth 23 and note that for each

XED Where is PEREI such that Anhkd , equivalently :
(4)dx = 2 - x(Bry(x)) .· Br(x)

&

We vant to decuce from this that d.x(8) [S4/dx,

up to a constant multiple...


